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Abst rac t - -By  combining a classical molecular N-body dynamics with Maxwell-Boltzman ther- 
modynamics a system of several hundred differential equations is solved on a supercomputer to 
demonstrate a transition to turbulence. 
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1. INTRODUCTION 
The most prevalent, least understood type of fluid flow is turbulent flow (see, e.g., [1--6] and the 
numerous references contained therein). Qualitatively, turbulent flow is characterized as flow in 
which diffusive forces are superimposed on laminar ones to yield strong mixing [7]. Laboratory 
simulations can be implemented as follows [7]. Consider a liquid flowing through a straight 
tube. Insert a thread of dye into the center of stream. Wherever the flow is laminar, the thread 
maintains a sharply defined boundary in the stream. In regions where the flow transforms from 
laminar to turbulent, the thread diffuses into the stream and the fluid becomes uniformly colored 
a short distance down the stream. This has resulted from a superposition of motion which is not 
in the direction of the main flow. 
Our aim in this paper is to initiate a new mathematical model of turbulent flow. It will be 
based on N-body modeling using classical molecular mechanics. The mechanism for development 
of turbulence will evolve from classical molecular force interactions. The approach is distinctively 
different from that of statistical mechanics, in which molecules are allowed to collide, but in which 
there are no interaction forces [8]. 
This first paper is ultrasimplistic in that it is limited to the development of microturbulence 
in two dimensions and in that attention will be restricted to water at room temperature. Ex- 
tensions to three dimensions are straightforward, but require a greater equisition for computer 
time and more complex computer graphics output [9]. The flow in the large, i.e., the onset of 
macroturbulence, is presently under study. 
2. THE MATHEMATICAL  MODEL 
In cgs units and in the notation of Hirshfelder, Curtis and Bird [10], the mass m of an individual 
water molecule is 
m = (30.103)10-24g. (2.1) 
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To describe the interaction between two water molecules Pi and Pj which are r O Angstroms 
apart, we chose the commonly used Lennard-Jones potential 
~(r O) -- 4e a _ ergs, (2.2) 
where a -- 2.72/~ and 4e = 1.9646383.10 -13 erg. 
For P~j measured in cm, one has r O = 10SRo. The force F in dynes on Pi due to Pj is given 
by 
~( ro  ) _- _Vy , j~( ro )  = d~(ro)  ~?ji _ l0 s d~(ro)  -rj~ dynes 
dR 0 R 0 dr~j rij 
/' 2.72512 2-7256~ ~ji  gcm (2.3) 
= .2 ~,0 r 0 ] rij sec 2 6(1"9646383)10-5 ( 
where 7~ denotes the position of the molecule Pi, 7j~ = ~i - 7 j ,  and rij = I~jil. Then, from 
the Newtonian dynamical equation F = m.  ~ one obtains 
dt'~ , 
For computational purposes, we rescaled with T = 1012t, which leads to the appropriate 
microscopic scale units, i.e., the length in/~.ngstroms (1 _~ -- 10 -s cm) and the time in picoseconds 
(1 picosec = 10 -12 sec). As a consequence, one arrives at the following system of equations in 
two dimensions: 
d,x  __ 52.734042 E 2 (2 725  _ (2.725 8  
dT 2 j=: k ri----j-/ \ ro / ] (x i -x j )  
j ¢1  
dT 2 J=: \ r~j / \ rij } ] (Y i -Y J ) "  
These equations were solved for N = 446 by the Leap-Frog formulas [6]. 
3. INIT IAL DATA GENERATION 
We first generate 9 rows of water molecules which contain 446 particles arranged on a regular 
triangular grid. There will be 50 particles in rows 1, 3, 5, 9 and 49 particles in rows 2, 4, 
6, 8. To this end, from (2.4) it follows that the force between two particles P~ and Pj is O for 
r~j ~ r -- 3.058709/~. This value is called the equilibrium distance or the critical point in the 
differential equations terminology due to the fact that the corresponding forces vanish. 
Denoting by h the altitude of the equilateral triangle of side r, the initial positions (x~, y~) 
of Pi, i = 1,2, . . .  ,446 are as follows, and shown in Figure 1, 
x: = 0, Yl = 0 
x~ = xl-1 + r, l = 2 . . . .  ,50 
yi = y:, l = 2 , . . . ,50  
?- 
X51 ~ 
Y51 = h 
xi = xt-1 +r ,  l = 52, . . . ,99 
Yi = Ys:, l = 52, . . . ,99 
X i = X1_99  , 1 = 100,... ,446 
Yi = Yl--99 + 2h, I = 100,. . . ,  446. 
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Figurel. Th~istheinit ialunpe~urbedposit iond~tributionofwatermol~ul~on 
theregu lar t r i~ l~gr id .  
The initial velocities V~ = (V~,i, Vu,i) of the molecules, in the absence of flow, are set to be 
Gaussian in correspondence to kinetic theory. Namely, Vi are independent random vectors in two 
dimensions having the same distribution as the random vector V -- (V~, V~), whose probability 
density function is the Maxwell-Boltzman distribution of velocities in thermal equilibrium. This 
density has the form 
1 m e_m(v~+v~)/(2kT) (3.1) 
f (vx,v~) = 2~r kT 
where vx,vy are components of velocity, m is the mass of the individual molecule, k is the 
Boltzman constant, and T is the absolute temperature in Kelvins. These distributions depend 
explicitly on water temperature and make the model physically sound. 
Finally, a scalar stream velocity v -- the magnitude of the horizontal velocity in the x direction 
is superimposed to obtain the initial velocity Vi ° = (V~,i + v, Vy,i). 
Using a Leap-Frog coordinate reference frame (the one in the moving fluid), we found that only 
the initial positions of the molecules mattered in determining the onset of turbulence. Due to its 
spatially isotropic nature, a circular Gaussian random vector Gi = (Gx,i, Gy,i) was chosen. This 
yields G ° = (xi ÷ Gx,i,yi + Gy,i) as the position perturbation of each water molecule from its 
original position (xi, Yi) on the regular triangular grid with neighboring sites at the equilibrium 
distance r apart. 
Calculations led us to the conclusion that for small position perturbations (a fraction of the 
intermolecular distance), water retains the characteristics of the laminar flow, whereas with the 
increase in the initial position perturbation the flow becomes turbulent. Consequently, a critical 
value of the position perturbation parameter which sets apart two completely different qualitative 
characteristics of the flow was approximately determined. 
In our approach, we do not explore the origin of these perturbations, e.g., gravity, heating, 
shocks, friction, etc., and thus we have confined ourselves only to exploration of possible scenarios 
leading to the occurrence of turbulence. 
4. RESULTS 
In our calculations, we have chosen formula (3.1) for the distribution of V which gives Maxwell's 
speed distribution of V - IVI -- V~x2+ V 2 as p(v) = (mv/kT)e  -(mv2)/(2kT). Then the expected 
value EV 2 = f v2p(v)dv = 2(kT) / (m)  and one obtains the root mean square velocity Vrms = 
= V/(2kT) / (m),  whereas the modal (most probable) speed Vmod : x / (kT) / (m) .  
We considered water at the room temperature (T -- 288°K or 15°C), which is known to have 
the root mean square velocity x/ (3kT) / (m)  = 630 m/sac in three dimensions. This provides us 
with the root mean square velocity Vrms -- 514m/sac in our two dimensional model. 
In addition, the horizontal velocity of the flow was set to v = 10 m/sac. 
To bring the analysis to a microscopic scale, notice that 
/~ .1A 
Vrm s ~-- 5.14--icosecp, v -- -=--------, plcosec 
intermolecular distance ~ 3/~, (4.1) 
where 1/~ = 10 -s cm and 1 picosec = 10 -12 sac. 
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Three sets of water flow pictures below correspond to three different choices of the standard 
deviation in the initial position perturbation. More precisely, our Gaussian random position 
perturbation vector G = (Gx,Gy) is chosen to be circular, zero mean, with the probability 
density 
1 1 
g(x, y) = 2---~ " s -~ e-(X2 +Y2)/(2s2)' s = standard eviation. (4.2) 
The standard deviation parameter s is used by us as an indicator of qualitative features of the 
flow, whereas the other parameters were as given in (4.1). 
The actual calculations require an intensive supercomputer resource time due to several hun- 
dred differential equations being solved numerically, with the one time step increment 
At ---- .0002 picoseconds to ensure the stability of the scheme. 
The maximum number of time steps that we carried out was 150,000 and corresponds to 
30 picoseconds in real time. Equivalently, it is the time required for the horizontal displacement 
of the flow by about 3/~ = average intermolecular distance. The pictures below correspond to 
three different values of parameter s and various number of iteration steps. Namely, 
1. Case 1. s -- .36/~, fast transition to turbulent flow (Figures 2-4). 
2. Case 2. s -- .2 A, slow transition to turbulent flow (Figures 5-9). 
3. Case 3. s = .1/~, preservation of laminar flow (Figures 10-20). 
Figure 2. 400 steps. 
Figure 3. 800 steps. 
Based on the above, it appears that if the probability P of the event below is almost certain, 
i.e., 
P([initial position - equilibrium position[ < .3A) ..~ 1 
which is the case for s = .1/~ due to the 3s rule (three standard deviations rule) for Gaussian 
distribution, then the flow remains laminar, whereas for larger values of s there is a transition 
to turbulence. Notice also that this threshold eviation from equilibrium is of order of .-. 1/10 
intermolecular separation. 
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Figure 4. 1200 steps. 
Figure 5. 2500 steps. 
Figure 6. 5000 steps. 
Figure 7. 7500 steps. 
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Figure 8. 10,000 steps. 
Figure 9. 12,500 steps. 
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Figure 10. 400 steps. 
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Figure 11. 800 steps. 
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Figure 12. 1200 steps. 
Figure 13. 1600 steps. 
Figure 14. 2000 steps. 
Figure 15. 4000 steps. 
Figure 16. 6000 steps. 
Figure 17. 8000 steps. 
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Figure 18. 10,000 steps. 
Figure 19. 50,000 steps. 
Figure 20. 150,000 steps. 
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